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ABSTRACT

In this paper, we investigate the factorization of singular partial self-maps on a finite set into products of the least
number of nilpotent elements. This research demonstrates that the semigroup of such maps can be expressed within
a union of nilpotent-generated sets, specifically up to the third power. Some of our key findings include the
determination of the nilpotent rank and the nilpotent depth for these maps, which vary based on whether the set size
is even or odd. Additionally, this study surveys the relationship between these results and Stirling numbers,
leveraging the Vagner Theorem and digraphic representations. We also examine stable quasi-idempotents, which
correspond to specific digraphic paths and chains, providing further insights into the structure of partial

transformation semigroups.
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INTRODUCTION

In semigroup theory, consideration of products of
idempotent elements started from the work of J. M.
Howie (Howie, 1966) who showed that, in the
semigroup Ty (or Ty) of all full tranformations of a
finite set X, every singular element (non-permutations)
is a product of idempotents. That is if E denotes the set
of idempotents in Jx\Sy and E; denotes the set of
idempotents of defect one in Ty\Sy, then Ty\Sy =
(E) = (Ey).

For the case of infinite set X, Howie (1966) gave a
description of the subsemigroup generated by
idempotents of the full transformation semigroup. This
results were also considered by other authors in the
semigroup of matrices and transformations of other
mathematical structures (Erdos, 1967; Howie, 1978)
who characterized the minimum defect one idempotent
required to generate Jy\Syusing technique from graph

theory, and showed that the cardinality of such a
n(n-1)
2

minimum generating set is , Which is thus the

idempotent rank of 7;\Sy. For each element a € Tx\Sy
the minimum number of idempotents in E; required to
express a, that is the E;-depth of a was obtained by
Howie asg(a) = n + c(a) — f(a) (Howie, 1980).

More works on transformation semigroups followed the
works of Howie. These included the works of Garba
(1990) on the semigroup of all partial transformations

of {1,2, ...,n}, Garba (1994a) and Garba (1994b) which
extended the result on the semigroup of all partial one-
one order-preserving maps on X, ={1,2,...,n} and
showed that the strictly partial transformations on the
set X, = {1,2,...,n} that is nilpotent-generated if n is
even or odd has rank equal to n + 2 respectively. Also,
Yang (1998) considered the nilpotent ranks of the
principal factors of certain semigroups of partial
transformations.

Madu (1999) presented that an element a of an
arbitratry semigroup S is called nilpotent if a™ = 0 (the
zero mapping) for some integer m = 1. The orders
|Xn| =n, |Sn| = nl, |Tn| =n" , IPnI = (Tl-l— 1)n,
|B,| = 27°. Madu (1999) also presented the Vagner
Theorem: For each ain P,, define the transformation a*
xa ifx € dom(a)

0 ifx € dom(a) Then
a” belongs to the subsemigroup B, of U, consisting of
all those transformations of X2 leaving 0 fixed.
Conversely if g € P, then its restriction to X, as
Blx, = B N (X, X X,,) is a partial transformation of X,,.
The domain of B[y is the set of all of all x in X, for
which xS # 0. Then the mapping ¢ - a¢* and g -
Blx, are mutually inverse isomorphisms of P, onto P;
and vice-versa since if a;,a, € P, and x € dom (a,),
then xaya, = (xa)a, = (xay)a; (since  xa; €
dom(ay)) = (xai)a; =xaja; and soa — a* is a

of X0 = X, U {0} byxa*z{
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homomorphism. Suppose i =a;. Then xaj =
X, = xa; = xa, = a; = ay. Also if a* € B;; then
by the very definition of a*, there exists @ € B, such
that « — a*. Hence B, — B, is an isomorphism. The
semigroup U, is in effect T,,,; and so the cardinal
number |U,| = (m+1)"*!, and since P} ={a€
U,: 0a =0}, we have |B/|=Mm+1)" and so
[P, = (n+ 1)". The diameter of a graph I is the
largest distance in T, that is
d() = maxfd(v,w):v,w € V(I')}. An element
a €T, is called quasi-nilpotent if and only if a* is a
contant mapping for some positive integer k. An
element a € Sing,, is quasi-nilpotent if and only if
fix(a) = 1 and there is no non-empty subset A of X,,
(except F(a)) such that Aa = A. Every idempotent
a € Sing, is expressible as a product of two quasi-

nilpotents. Every element a € Sing, of height r < n —
1 is expressible as a product of three quasi-nilpotents of
the same height. The index of quasi-nilpotency of « is
the diameter of the digraph representing a.

Imam et al. (2024) studied quasi-idempotent elements
in the semigroup of partial order-preserving
transformations and showed that semigroup PO, is
quasi-idempotent generated, and that the upper bound

for quasi-idempotent rank of PO, is [5"2_4] (where [x]

denotes the least positive integer m such that x < m <
x + 1). That for any a € PO, (the semigroup of partial
order-preserving transformations), if @ = a? then « is
called an idempotent; and if a # a? = a* then «a is
called a quasi-idempotent.

Giventhat QE; = {B1, B2, ) Prn1, X1, A, e, A1, Uy U3, ooey U—2, 02, 83, ...,é‘n__z},

i i+1

where u; = (i _1 i

idempotents. Also, f; = (l -il' 1) is a decreasing quasi-idempotents and a; = (l_l

) for i =2,..,n—1, is decreasing and §; = (l _l 1

i
i+1
1) is increasing. Thus, a =

) is increasing quasi-

BiBi+1 - Bi—1 = (i -: 1) (i i i) (I i 1) and a = @;_1@;_p . Qg = (i _l 1) (i : i) (]_{_ 1).

MATERIALS AND METHODS
Let d(a*) = |X,\im(a*)| as defect of a* € B,, and
[x1, X5, ) X | %, ] DE an m-path (Ayik et al., 2005) and
[x1, %3, ..., X, |0] be an m-chain. Then 8* € B, is said to
be a 3-chain if 8" = [x{, x5, x3]0]. If x3 = 0, we get a
2-chain [x;,x;]0] and if x, =x3 =0, then y € B,
becomes a one-chain
X1 X2 e
v = [xl0] = (x1 Xg n Xj_1Xipq e Xn
d(y) = 0, ie y has defect as 0; and « € P, is a product
of n one-chains as [x;|0][x,|0][x35]0][x4]0] ... [x,]0].
Since y? = [x;|0][x;]0] = [x;]/0] =y, then y is an
idempotent having rank n if and only if y has defect 0.

Xi_1X; e X .
o1l ”). In this regard,

Since [x110]0x,10][x3]01[x,10] ... [x,,|0] =
((;1;2953(2;.-9(-,1@)' then idrank(y) = rank(y) and the

nilpotent y is idempotent generated as customary to the
existing facts (Ayik et al., 2005). When n — [im(a)| =
1, then a* € B, has the length of the products of its
ne lbrahim, 2022),

analogous to the idempotent rank of a € T,, whence

a” =[xy, x2]10][x3, x410][x5, x610] ... [x,_1, X, |O] (even
nn-1)

nilpotents as (Imam and

is the choices of 2 out of

if « is not ordered). The

n-number of elements in X,. This corresponds to the

Stirling number of the second kind S(n,n—1) =

o) Theorem.

which also befits the Vagner
Analogous to the fact that not both [x;,x,|x;] and

[x,,x,|x,] are assemble in the products, then the
n(n+1)

-
Let g(a™) denotes the gravity of a* € B, then f(a™) =

|[Fix(a™)| is the cardinality of the set of acyclic, trivial
and terminal orbits. For a 3-chain having a cycle of size
r, then g(a™) is maximized by increasing the number
of 2-cycles and decreasing the number of fixed points.

When r is even, we have % two-cycles and %(r -1

nilrank, o(P,) =

two-cycles when r is odd. Thus, g(a*) = n* + c(a*) —
fla)=m+D+cl@)—fl@)=n+50-1)—
2. When r=n+1, we have gla’)=m+1)+

%(n) —-2= 2("+12)+"_4 = 3"2_2. When n is odd,
gla’)=mn+1) +%n -2= 3n2_2.
Let X?=X,uU{0} and let P, be the partial

transformation semigroup on X2. If {xq,x,...,%,,} €
X0 (where x, = 0) and a* € P, is define by x;a* =
Xt Xp@" =%,(1<r <m) and xa* =x(x €
X \{x1, %2, ..., x,, }), then a” is called a path-cycle of
length m and period r, or simply, an (m, r)-path-cycle,
and is denoted (in a linear notation) by a* =
[%1, ooy X | %], If ¥ = m, @™ is called an m-path to x,,
or simply an m-path; if m > 2 and r = 1, a” is called
an m-cycle; if m=r=1, a* is called a loop; if
m=r =0, a"iscalled aterminal; if m=r =2, a* is
an idempotent of defect one; if m =2 and r = 0 or 1,
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a™ is said to be a proper path-cycle; if r =0, a* is an
m-chain or a nilpotent of index m.
Let & = [xq,x,x3]|x¢] be an arbitrary 3-chain of a”,
& maps x; to xy, x, t0 x3, x3 t0 xy, and all other
elements of X9 identically. Then & has a linear
X
= [x1, %7, %3100 = ()
of the Vagner Representation Theorem. We shall refer
to x; as the first entry, x, as the middle entry (or second
entry), x5 as the third entry and x, as no entry of &*.
Let a* € B,. The equivalence relation ~ = {(x,y) €
X0 x X0: (3u,v = 0)xa*™ = ya*”}, partitioned X2
into orbits Qy, Q,, ..., Q. These orbits correspond to the
connected components of the digraph associated to a*
with vertex set X2 in which there is a directed edge
(x,y) if and only if xa™ = y. Each orbit Q has a kernel
defined by K(Q) = {x € Q: (3@r > 0)xa*" = x}.
Every orbit of a* falls into exactly one of these five
categories and all the five cases can arise for a single
&* € B,. Let c(a™) be the number of cyclic orbits of a*
and f(a™) be the number of fixed points of a* which is
equal to the sum of the number of terminal, trivial and
acyclic orbits of a*. The gravity of a* is define as
gla@)=n"+cla*) — f(a”), wheren* =n + 1.
For each standard or acyclic orbit Q of a* € B, and
each x € Q\im(a), the sequence x,xa*,xa* 2 xa*d, ...
eventually arrives in K(Q), and remains there for all
subsequent iterations. Denote the set of all distinct
elements in this sequence by Z(x). Suppose that

. Xy X
notation as &* X (2)) because

a* € B\S, has s standard orbits Q4,Q,,...,Q,. For
each j = 1,2,..,s, let @ \im(a") = {xq;, x5, ...,xkjj},
where X1j is such that

maxlggk.{|Z(x,-j)|: |Z(xl-j)|is even}
|Z(x)| = ' . :
maxlgg(j{|Z(xij)|: |Z(xl-j)|1s odd}
Then there exist m; > 1 and 7 > 2 such that K(Q;) =
@™, xy mitri=1y where
X1 @ J =xy;a™ . Note that this definition of
K (&) is still valid for every x;;, not only for x;;, and
moreover, they are all the same.
Let
Z(0) = Z(xy)) =
{x1j, %0, o, x,0™, xq @
and Z,-(Qj) = {xij,xij a, .,xijapif_l} 2=<i<k)
where xi;aPV € (Zy () U Z,(Q) U Z3(Q) U ..u
Zi1(Q)). Then {Z,(©):1 < i < k;} is a partition of
Q.
Suppose that a* € P,\S,, has acyclic or terminal orbit;
let @ be the union of all its acyclic orbits and let = be
the union of all its terminal orbits, and denote the set

*mj+1 . 1x1ja

*mj+r;

l]’

*mj+1 *mj+rj—l}

) X1 @

{x € d:xa* = x}by Fix(P). Let
{x1,x3,...,;} where x; is such that
max; i, {1Z(x,)1: 12 () lis even}
max; g« {12 ()|: |Z(x;;)|is odd}
u=1,2,..,1 define Y, (®) = {x,, x,a", ..., x, "1},
where  x;a™ € Fix(®) and x,a™ € (Yl (®)u
Y2(@) U ...UY,_1 () UFix(P))(u = 2,3,...,1). Thus,
{Y,(®):1<u<l} is a partition of ®. We will be
interested in the cardinalities of Z;(Q;) and Y, (®)
being odd or even. For this, we define indicator
0 if|Zi(Q]-)|is even
1if]Z;(Q)|is odd '

d\im(a*) =
1Z(x1)| =

Then, for

functions z; and y,by z; z{

= {0 if |Y, (®)|is even and

1if |Y, (®)]is odd
_ {0 if W, (2)|is even
=

1if |W, (2) is odd For each a™ € P,\S,,, we

define the measure of ar by
o _ (l@") —e(aM)ifl(a”) > e(a”)
m(a’) = { 0ifl(a’) < e(a”) where

k;
Wa) =Y, 8, 2z + 2o v + Zhow, and e(a”)
denote the number of cyclic orbits of a* of even
cardinality.

RESULTS AND DISCUSSION

An element a* € B,: X, U {0} > X,, U {0} is said to be
a nilpotent element if there exists a positive integer
msuch that a*™ = 0. Whenever a*
0= xa* =0=ya” which is the terminal orbit
generated by the -equivalence relationship x =y
whenever xa*' = ya*/. Thus P, has one orbit ahead of
T,, the finite set of full transformations on X, =
{1,2,...,n}. Since every semigroup is embeddable in
regular idempotent generated semigroups (Howie,
1966) such as T,, then |B,| = (n + 1)" is embeddable
in T,pq = (n+ 1)@ defined on X, U {0}. This is
because there is a bijective morphism in the map
9:PB, > Tyyy defined by 9(a’ly,) = alx,up; since
9(a’lx, °B7lx,) =9((@" 2 B)y,)  which by
definition is equal to (a o B)lx,up = lx,u} ©
aly,uoy = 9(a’lx,) °9(B*|x,). The oneness and
ontoness is by the fact that 9(a*|y ) = 9(B"lx,) &
alx,ur0y = alx,upy © a’ly, =Blx,- The  map
9:P, - T,y is categorically 9(a’|x, up) = lx, u0)

"= 0= xa* =

but merely represented by 9(a*|x, ) = alx,up; Since
empty set is a subset of every set. A map 9: B, - B, <
T, is the Vagner Theorem usable in translating results
of T,, to B, through P, (Saito, 1989).
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Example 1: Consider the map

standard: Qq = {1,2,3,4,5},Q, = {6,7,8,9}

acyclic: @, = {10,11}

cyclic: @, = {15,16,17},0, = {18,19},0; = {20,21}
trivial: W, = {22}

terminal: Z; = {12,13,14}

As shown in Figure 1 below:
1 ﬁ\ #5 10
2 5 C l
Y\¥ ) %

—3

« (12345678910111213141516171819202122
2342478771111 13 14 ¢ 16 17 15 19 18 21 20 22

) € B, with orbits

15

16 —¥17

)

Figure 1: Orbits of a™ € P,,

For this a*, we have & = {10,11} and so Z;(Q,) =

{2,3,4,5} and
Zz(Ql) = {1},21(92) = {6:7;8}122(92) =
{9},Y1((D) = {10}, Wi (E) = {12,13,14}. Thus,

211 =0,21 =1,z =1,z =1,y =0,w; =0, and
SO, l(@") =211 + 291 + 231 + 20 +y; + Wy =4, also
e(a) = 2. Therefore the measure of a*is m(a*) = 2.
Theorem 3.1. Let E be the set of all idempotents in B,
and E; be the set of all idempotents of defect 1 in E. For
n >3, each a* € E; is expressible as a product of
nilpotents in B,.

&1 = [x11, %12, A1a*[0][xq1, %13, Ay [0][x11, X14,, A1 ™| 0] ... [xll'xlal'Ala*|0][x11'x12'A105*|0]

[11, Xiz, A;@"[0] [x11, Xi3, A;@”|0] [x11, 14, A;@”0] ... [xilrxiai:Aia*

Proof. Each idempotent in E; is of the form [i,j|j],
with i,j € X,, and i # j. Thus, since n = 3, there is a
k = 0 € X2 such that [, j|j] = [i,}, k|0][i, ], k|0].
Theorem 3.2. For n = 3, each a € E\E] is expressible
as a product of g(a™) nilpotents of defect 1 in B,.
Proof. Let a* € E\E; and let Ay, 4,, ..., A, be its non-
singleton blocks. Then, each of the blocks 4;(1 <i <
r) is stationary. If |A4;| = 3 for some i, we assume
without loss of generality that |A;| = 3. Let A4;\
{Aia’} = {xi1, %12, o, X, J(A < i <7)  and  define
products &;(1 < i < r) of nilpotents of 3-chains by

and & =
0](2 <i<r). Then it is easy to verify that

a* =§&& ...&.. Also, each point in A;\{4;a"}(2 < i < r) appeared exactly once as second entry of a 3-chain in ¢;
and each point in A;\{4;a", x11, %12} appeared exactly once as a second entry of a 2-chain in &. The point x;,
appeared exactly once as a second entry of the 3-chains in & while the point x;; did not appear anywhere as a
second entry. Thus, the number of 3-chains used in the product &, &, ... &.is Y-, |A;\{4;a”} = n — f(a™) = g(a”).
If |4;] =2 for all i, let A ={x,xa’}1 i <r). Then
a* =[x, xq, x1a|0][x,, x5, x2|0] ... [x,, x,-_1, X _1 | 0] [x,, x1, X, @|0] and again, the number of 3-chains used is

n—f(a”) = ga”.

Example 2: Consider the element

_ {1,2,7,5}{3,8,10,123}{4,6,9, 11} _
e= (2 8 11 0) = & &,83&, Where

& =[1,5,22][1,7,2]2][1,5,2|2]
&, = [1,3,88][1,10,8|8][1,12,8|8]
& = [1,4,11|11][1,6,11|11][1,9,11]11]
& = [1,13,14]0][1,14, 15|0][1,15,16|0]

{13,14,15,16}
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Theorem 3.3.
expressible as a product of E (g(a) + m(a))] 3-chain

For n>3, each a*€B\E is

nilpotents in B,\S,,.

Proof. Suppose that a* € B,\E has orbits as follows,
standard: Qq,Q,, ..., Qq, acyclic: @4,D,, ..., o4,
cyclic: 04,0,,...,0, , trivial: ¥;,%,, ..., ¥,
terminal: Z;,Z,,..,E,. For each standard orbit €,
Iet Q]\lm(a’) = {xlj,xzj, ...,xkj]'}; K(Q]) =
{xlj a*mj,xlj a*mj+1, ...,xlja*mj+rj_1}, let Zl((l]) =
Z(xy))

= {xlj,xlj Ol*, ...,xlja*mj'xlja p ame ,xlja*mj+rj_1}
and Iet ZL(.Q‘]) = {xl‘j,xij a, ...,xl‘j apij_l} (2 S i S k}),
where x;;aP € (Zy () U Z(Q)UZz(Q) V..U
Zi_1(Q)). Let @ =P, UP,U..UD,; P\im(a) =

*mj+2

61]‘ = [xlj,xlja*,xlja*2|0][x1ja*3,x1j

i =[ayj iy o ey a2 (0] [y a3 @™t

a*t,xya*]0] ... [xp @™

{X1,X3, o, X1} and define
Y, (®) = {x,, x, ", ..., x, ™71}, where x;a*1€
Fix(®) and x,a* % € (Y (@) UYy(P) U ..U
Y,_1(®) U Fix(®))(u = 2,3, ..., D). Let 0, =
Vo Vo, .., a1} (Where y,aP* =7y,). Then we
consider six possible cases that may arise.

Case 1 (0 = e(a) = l(a)). In this case each Z,(Q; ) (i =
1,2,..,k) and each Y, (®)(u = 1,2,...,1) is of even
size; also, each @, is of odd size. Thus, corresponding
to each Z,(Q),Z(Q)( =23, ..k), Y, (®)(u=
1,2,..,D), 0,(v=1.2,..,c) and E,(w=1.2,..,a);
we define, respectively, products &;,&; (i =
23,..k), ,w=12,..,0), n,(v=12,..,¢) and
¢, (w =1,2,..., b) of 3-chains by

+rj—2 *smji+ri—1 *mj—1
I T T X |O]

*M 4T —2 *mi+r;—1

—1
B L (U P T A e T A A I A ]

Y

T, = [xy, x, 0, x, a2 |0][x, a3, x, ™, x,a*|0] ... [x, a2, x, ™97, x, 9| 0]
Mo = Vo Yo, o ?|0][y, a3, yya™, y,a®(0] .. [y, 72, y,at =t yatte = y, | 0]
b, = (20,2, z,a*?|0][z, a3, 2z, @™, z,a|0] ... [z, @*T" 2, z,a*Tw L,y T |0]

Foreach j =12,..,s, let B; = &, ...Ekﬂ-, then each
element x € Q; appears exactly once either as a first
entry or a second entry of a 3-chain in the product p;.
Moreover, with the sole exception of x = x;; a™~t an
element x € (; appearing as the third entry never
subsequently reappears as an upper or middle entry.
Hence each x # x;a™*i~" in Q is moved by
exactly one of the 3-chains appearing in the product g;
and moreover, it is moved to xa. The exceptional
element x;a™™*"i 7" is moved to x; a*™ ™! by the
first 3-chain in the product &;; and then is moved, by
either j or
[ @™~ ™, xp @™ to Xy
x;;a™i*Ti. Thus, xB; = xa for every x € (, while
xp; = x for every x € X,,\(;. Since the orbits Q; (1 <
j <s) are pairwise disjoint, we have a product of 3-
xa if x € Uj_1 O
xifx € X,)\ U]S-:1 QO
Similarly, if y =1y7,..7, then each point x € ®
appears either as a first entry or second entry of a 3-
chain in the product y. Moreover, each x € & that
appears as a third entry or second entry never
subsequently reappears as a first or middle entry. Hence
each x € ® is moved to xa™ by exactly one of the 3-
chains appearing in the product y. Thus, xy = xa for
each x € ® while xy = x for each € X\ ®.

Also, if § = nyn, ...1n., then, again, we can observe that
the product § is such that x§ = xa* for each x €
Ui, 0,and x§ = x for each x € X\ U—; ©,,. Hence,
it follows that &« = BB, ... BsyS a product of 3-chains

*m;—2 *mi—1 *Mj
[ @™ 7% @™ T @ ]

1 My =

chains such that xp;8, ... B ={

in B,\S,. Let us denote the number of 3-chains in the
product &;,7, and 7n, by #(§;), #(r,) and #(n,)
respectively (we shall also use similar notation in the
sequel).

Then, counting the number of points appearing at the
first position of each product ¢;,7,and n,, we have

#(&5) =3 12,(9) | (even), #(z,) =S¥, (®)|  (even)
#(n,) =518,/ +1).  And #(B) =
k:

Ll lz(@) =29l s that  #(BBs B =
STl #0) =3EiL %@ and  #(5) =
326-1(10,1 +1) = S (T5-110, +). Using  these,
while noting that
25 |9] + 25110, ] + Zhoal Y (@) = n— (a + 1),
#(a") =%(n+c— (a+t)) =%(n+
carx—far=g(ax)2.

and S0,

we have

The other cases 0 =I[(a") <e(a®), 0=-e(a*) <
l(a?), 0<lIl(a®) =e(a"), 0<Il(a®) <e(a"),
0 <e(a) <l(a) followed analogously to the cases
presented in Imam and Ibrahim (2022). However, the
case 0 < l(a*) < e(a*) yields a complete package as

* 1 kj
#a)=;(n—@+D+ I T 7 + Thoa v +
c—e=12n+cax*—[fax*+lax—ea*=12(gax*+m(a*)).
Hence in all cases, the length of the products of

nilpotents is E (g(a®) + m(a*))].
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Example 3: Let
*_(12345678910 11 12 13 14 15 16 17 1819202122)EP orbits
2342478771111 1314 ¢ 16 17 15 19 18 21 20 22 n

standard: Q; ={1,2,3,4,5},Q, = {6,7,8,9}, acyclic: @, ={10,11}, cyclic: 0, ={15,16,17},0, =
{18,19},0; = {20,21}, trivial: ¥, = {22}, terminal: E; = {12,13,14} we have & ={10,11} and so
Z,(Qq) ={2,3,4,5} and Z,(Q,) = {1}, Z,(Q,) = {6,7,8}, Z,(Q,) = {9}, Y1 (®) = {10}, W;(E) = {12,13,14}. Thus,
211 =0,291 =1,z =1,z =1,y =0,w; =0, and so, l(a*) =21 + 21 + 231 + 735 +y; + Wy =4, also
e(a*) = 2. Therefore, the measure of a*is m(a®) = 2, so that a* is expressed as a product of k(a™) =

E (22 +2)] = 12 three-chains in P,,. This gives a = &1&1,8,1&,,T1 2123, Where &7 = [1,2,3]0][3, 4,

with

110, &, = [18, 5, 4]01.&x; = [1, 6, 7|0][7, 8, 6/0],&,, = [20, 9, 7|0],7; = [12, 13, 14|0], 7, =
[12, 10, 11|0],my = [1, 16, 17]|0][17, 15, 1]0],n, =[5, 19, 18]0],n5 = [9, 21, 20]0].

CONCLUSION

Let a € Sing, = T,\S, = K(n,n—1), where

K(n,r) ={a € T,:|ima| <r}. Then the idempotent

nn-1) _
=

S(n,n — 1), where S(n,r) is the Stirling number of the

second kind and T, is the semigroup of full
transformations on X,, = {1,2,...,n}. Since the set of
idempotents of defect d and of rank n — d written as E,
are generate-able by the idempotents of defect 1 given

depth of products of idempotents of defect 1 is

by & = C) and a = &€& ... &(q), Where k(a) =

i

as given by Saito (1989) and k(a) =

%[g(a)+m(a)] accorded by Imam and Ibrahim

(2022) who considered 3-path analogue of idempotents
of defect 2; this work amalgamated the two depth

expressions into k(a) = [%]; where k() is the

depth of a, m(a) is the measure of a and d(«) is the
defect of a expressible as d(a) = n —r(a) and r(a) is
the rank of a.

Thus, the idempotents of rank 1 have defect n — 1. If

m(a) = 0or m(a) = d(a), where % is a positive

integer, then we retrieve back the Saito’s result. When
d(a) = 2, we get back the case study of Imam and
Ibrahim (2022). Since [x] is the greatest integer m less
than or equal to x and m(a) is a variable, then k(a) =
[y(a)+m(a)
d(a)
variability of m(a); where, in effect, 0 < m(a) <
n(n+1l) _

d(a@)(Va € Sing,,). For a € B,\S,,, the = S(n+

]+ 1 as expected has been handled by the

1,n) idempotents generate B,.
Since (12),(;) and (12..n) generate T,, then

(12), (;),(12...n)and [12,..,n]0] generate P, (for

every n a positive integer and B, the semigroup of
partial maps, where 0 stands for empty map @ and
[1,2,..,n|0] is a digraphic chain). In fact, B, is
embeddable in the binary relation semigroup having the

underlying set elements of the form (Z) = (a, b). Since

P, is a semigroup and every semigroup is embeddable
in a regular idempotent generated rig-semigroup such
as T,,, then P, is embeddable in T, ., which is apparent
since (n+ 1" =|R|<(n+1)®D =|T,,4]. This
however attested the VVagner Representation of B, using

g(a")+m(a™)

P’ = U, €T, once again, and k(a*) = [ 2@

whenever a* € B,.

REFERENCES

Ayik, G., Ayik, H. and Howie, J. M. (2005). On
factorizations and generators in transformation
semigroups. Semigroup Forum, 70(2), 225-237.

Erdos, J. A. (1967). On products of idempotent

matrices. Glasgow Math. J., 8, 118-122.

G. U. (1990). Idempotents in partial
transformation semigroup. Proc. Roy. Soc.
Edinburgh, 116A, 359-366.

Garba, G. U. (1994a). Nilpotents in semigroups of
partial one-to-one order preserving mappings.
Semigroup Forum, 48, 37-49.

Garba, G. U. (1994b). Nilpotents in semigroups of
partial order-preserving transformation. Proc.
Eding. Math. Soc., 37, 361-377.

Howie, J. M. (1966). The subsemigroup generated by
the idempotents of a full transformation
semigroup. J. London Math. Soc., 41, 707-716.

Howie, J. M. (1978). Idempotent generators in finite
full transformation semigroups. Proc. Roy. Soc.
Edinburgh, 81A, 317-323.

Howie, J. M. (1980). Products of idempotents in a finite
full transformation semigroup. Proc. Roy. Soc.
Edinburgh, 86A, 243-254.

Howie, J. M. (2002). Semigroups, past, present and
future. proceedings of the International
Conference on Algebra and Its Applications.

Imam, A. T. and Ibrahim, M. J. (2022). On products of
3-paths in finite full transformation semigroups.
Algr. And Discr. Math., 33(2), 60-77.

Garba,

FULaﬁa Journal of Science & Technology, Vol. 9, No. 1

86



Products of Nilpotents in Partial Transformation Semigroups using Digraphic Paths and Chains

Imam, A. T., Usman, L., Idris, A. and lbrahim, S.  Saito, T. (1989). Products of idempotents in finite full

(2024). Products of quasi-idempotents in finite transformation semigroups. Semigroup Forum,

semigroup  of  partial order-preserving 39, 295-3009.

transformations.  International Journal of  Schein, B. M. (1996). Finite semigroup and universal

Mathematical Sciences and Optimization, 10(1), algebra. Semigroup Forum, 52, 393-396.

53-59. Vagner, V. V. (1964). Representations of ordered
Madu, B. A. (1999). Quasi-idempotents and quasi- semigroups. Amer. Math. Soc. Transl., 36(2),

nilpotents in finite transformation Semigroups. 295-336.

PhD Thesis, Ahmadu Bello University Zaria- Yang, X. (1998). Non-group ranks in finite full

Nigeria. transformation semigroups. Semigroup Forum,

57, 42-47.

FULaﬁa Journal of Science & Technology, Vol. 9, No. 1
87



