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ABSTRACT 

In this paper, we investigate the existence and uniqueness of solutions of a homogeneous second order difference 

inclusion of accretive type in 2-Banach spaces using expansive mappings and 2-Banach contraction mapping.  
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INTRODUCTION 

The study of accretive operators in Banach spaces has 

been done by many researchers. Among this area of 

study is the homogeneous second-order difference 

equation of accretive type in Banach spaces of the form 

 

𝑢𝑗+1 −  1 + 𝛽𝑗  𝑢𝑗 +  𝛽𝑗𝑢𝑗−1 ∈ 𝑐𝑗𝐴𝑢𝑗 ,   𝑗 ≥ 1

𝑢0 = 𝑔, sup ∥ uj ∥: j ≥ 0 < ∞,

 1.1   

Where 𝐴  is a nonlinear m-accretive operator in real 

Banach space (𝐵, ∥. ∥), 𝑐𝑗 > 0, and 𝛽𝑗  (Rouhani et al. 

2019). 

Lakshmikantham and Trigiante (2003) posited that the 

concept of computing by recursion can be traced back 

to the time counting started. Its primitive form 

emanated from the efforts of the Babylonians as early 

as 2000 B.C. Since then, many mathematicians have 

been working hard to improve the status of difference 

equations. Some of the earliest efforts were in the 

eighteenth century, when de Moivre, Euler, Lagrange, 

Laplace and others developed the basic theory of linear 

difference equations. Later in 1967, the idea of 

accretive operators in the framework of Banach spaces 

came to the fore (Sari, 2015). Today, accretive 

operators are used extensively in finding solutions to 

problems involving differential equations in Banach 

spaces with particular emphasis on existence results 

(Barbu, 1976). 

Furthermore, it is instructive to note that the theory of 

second-order evolution equations of accretive type 

which later metamorphosed into difference equations of 

accretive type attracted the interest of many 

mathematics authors. Some of the pioneer studies in 

this area are Barbu (1976), Barbu (2010) and Morasanu 

(1988). Hence, the study of evolution equation is the 

substratum upon which investigations into difference 

equation of accretive types have been built and Rouhani 

et al. (2019) acknowledged that only  a few studies on 

(1.1) have been carried out in the framework of Banach 

spaces, some of which are; Apreutessei (2003), 

Khtibzadeh (2012), Poffald and Reich (1988). 

Ghali and Khabaj (2020), stated that In the early 1960s, 

Gahler, introduced the 2-Normed spaces, while the 

concept of 2-Banach spaces was brought to the fore by 

White in 1969[8,9] (Das, Goswami and Mishra (2017). 

The study of some properties of accretive operators in 

connection with 2-Normed spaces was done by 

Harikrishan and Ravindran (2011), with the focus on 

contraction mappings and their unique fixed points. 

Kir (2013) investigated the accretive operators arising 

from 2-Banach spaces and derived links between the 

classes of non-expansive and accretive mappings. Also, 

Gyegwe and Bassi (2024) studied the non-

homogeneous part of (1.1) in the framework of 2-

Banach Spaces (𝐵 ∥. , . ∥)and obtained its existence and 

uniqueness. In our study, we establish the existence and 

uniqueness of solutions of (1.1) in the 2-Banach space 

(𝐵 ∥. , . ∥) by using the product space to obtain two m-

accretive operators that are also continuous and then 

expressing them in an expansive mapping form, to 

obtain two common fixed points. We have also found 

another fixed-point through the adoption of a 2-Banach 

contraction mapping. 

 

MATERIALS AND METHODS 
In this section, we discuss the terms and notions which 

are relevant to this study. 

Definition 2.1. 2-Normed Space 

Let 𝐵 be real linear space of dimension greater than one 

and ∥. , . ∥  be a real valued function on 𝐵 × 𝐵  which 

satisfies the following properties for all 𝑎, 𝑏 𝑐 ∈ 𝐵 and 

𝛼 ∈ ℜ. 

(i) ∥ 𝑎, 𝑏 ∥ = 0 if and only if 𝑎  and 𝑏 are linearly 

dependent; 

(ii) ∥ 𝑎, 𝑏 ∥ =∥ 𝑏, 𝑎 ∥; 

(iii) ∥ 𝑎, 𝛼𝑏 ∥ =  𝛼 ∥ 𝑎, 𝑏 ∥; 

(iv) ∥ 𝑎, 𝑏 + 𝑐 ∥ ≤ ∥ 𝑎, 𝑏 ∥  +∥ 𝑎, 𝑐 ∥; 

Then the function ∥. , . ∥ is known as a 2-norm on 𝐵 and 

the pair (𝐵, ∥. , . ∥)  is described as a linear 2-normed 

space (Harikrishnan et al., 2021). For example, Let 

𝐵 = ℜ2 be equipped with the 2-norm ∥. , . ∥ . Thus for 

𝑎 = (𝑎1, 𝑎2),  𝑏 =  𝑏1 , 𝑏2 ∈ 𝐵 = ℜ2, the Euclidean 2-

norm ∥. , . ∥.  is defined by ∥ 𝑎, 𝑏 ∥ =∥ 𝑎1𝑏2 − 𝑎2𝑏1  ∥. 

This in a geometrical sense represents the area of the 

Manuscript =>  Received: Dec., 2023; Accepted: March, 2024; Published: April, 2024        https://doi.org/10.62050/fjst2024.v8n1.231   

 

ISSN (print) 2449-0954  \  ISSN (online) 2636-4972 
 https://lafiascijournals.org.ng/index.php/fjst 

mailto:ggyegwe@gmail.com
https://lafiascijournals.org.ng/index.php/fjst
https://doi.org/10.62050/fjst2024.v8n1.279
https://lafiascijournals.org.ng/index.php/fjst


 

 
                                                                                              12

Existence and uniqueness of solutions TOA second order difference equation of accretive type in 2-Banach spaces 

 FULafia Journal of Science & Technology, Vol. 8, No. 1 

parallelogram determined by the vectors 𝑎 and 𝑏  as the 

adjacent sides (Eskandani and Rassians, 2016).  
Another example is that, suppose 𝑃𝑗   denote the set of 

polynomials of degree ≤ 𝑗, on the interval [0,1]. By 

addition and scholar multiplication process, 𝑃𝑗  is a 

linear vector space over the real field. Also, suppose 

that {𝑎0 , 𝑎1, … , 𝑎2𝑗 }  is distinct fixed points [0,1] and 

define the following 2-norm on 𝑃𝑗 : ∥ 𝑢, 𝑣 ∥ =

  𝑔 𝑎𝑘 𝑕(𝑎𝑘) 
2𝑗
𝑘=0 , whenever 𝑢  and 𝑣  are linearly 

independent and∥ 𝑢, 𝑣 ∥= 0,  if  𝑢 and  𝑣 are linearly 

dependent. Then,(𝑃𝑗 , ∥. , . ∥ )is a 2-Banachspace Saha et 

al. (2012). 

Remark: Eskandani and Rassians (2016) opines that 

the basic and fundamental properties of 2-Normed 

spaces are said to be non-negative and they also 

satisfy ∥ 𝑎, 𝑏 + 𝛼 𝑎 ∥ =∥ 𝑎, 𝑏 ∥ , for all 𝑎, 𝑏 ∈ 𝐵  and 

𝛼 ∈  ℛ . Besides, from (iv) above, ∥ 𝑎, 𝑏 − 𝑐 ∥ = ∥

𝑎, 𝑏 ∥  + ∥ 𝑎, 𝑐 ∥  or ∥ 𝑎, 𝑏 + 𝑐 ∥ = 𝑎, 𝑏 ∥  +∥ 𝑎, 𝑐 ∥ 

[12]. It follows then that from (iv)  ∥ 𝑎, 𝑐 ∥  −∥

𝑏, 𝑐 ∥ ≤ ∥ 𝑎 − 𝑏, 𝑐 ∥ .  Hence, 𝑎 ⟼∥ 𝑎, 𝑏 ∥  are 

continuous functions of 𝐵 into ℛ for each fixed 𝑏 ∈ 𝐵. 

Definition 2.2. Convergent Sequence in 2-Normed 

Spaces 

A sequence (𝑏𝑗 ) in a linear 2-normed space 𝐵 is said to 

be convergent if there is a 𝑏 ∈ 𝐵  such that lim𝑗⟶∞ ∥

𝑏𝑗 −  𝑏, 𝑐 ∥ = 0 for all 𝑐 ∈ 𝐵 (Kumar and Pitchaimani, 

2019). 

Definition 2.3. Cauchy Sequence in 2-Banach Spaces 

A linear 2-Normed space  (𝐵, ∥. , . ∥)  in which every 

Cauchy sequence is convergent is called a 2-Banach 

space (Kir, 2013). 

Definition 2.4. Accretive Operator in 2-Banach 

Spaces 

Let(𝐵, ∥. , . ∥)be alinear2-Banach space and a non-linear 

operator mapping a subset of 𝐵. 𝐴:𝐷 𝐴 ⊂ 𝐵is said to 

be accretive if for every 𝑎, 𝑏, 𝑐 ∈ 𝐷(𝐴) and 𝛼 > 0, then 

∥ 𝑎 – 𝑏, 𝑐 ∥ ≤ ∥  𝑎 − 𝑏  +  𝛼 𝐴𝑎 − 𝐵𝑏 , 𝑐 ∥ . 

Additionally, an accretive operator is said to be m-

accretive provided that 𝑅 𝐼 +  𝛼𝐴 = 𝐵 , where 𝐼 is the 

unity operator in 𝐵 and 𝑅 is the range of the map (Kir, 

2013). 

Definition 2.5. Strong Accretive Operator in 2-Norm 

Let (𝐵, ∥. , . ∥)  be a linear 2-norm space, then the 

mapping 𝐴; 𝐵 ⟶ 𝐵 is said to be strong accretive if for 

every 𝐷 ∈ 𝐵, ∥  𝛼 − 𝑘  𝑎 − 𝑏 , 𝑐 ∥ ≤ ∥  𝛼 − 1  𝑎 −
𝑏 +  𝐴𝑎 − 𝐴𝑏 , 𝑐 ∥  for all 𝑎, 𝑏 ∈ 𝐵 ,  𝛼 > 𝑘  and 

𝑘 ∈ (0,1)  (Harikrishnan and Ravindran, 2011). 

Definition 2.6. Expansive Mapping in 2-Norm 

Let (𝐵, ∥. , . ∥)  be a2-Banach space with the 2-norm 

∥. , . ∥ . A mapping 𝐴  of 𝐵  into itself is said to be 

expansive if there exists a constant 𝛼 > 1  such that 

∥ 𝐴𝑎 − 𝐴𝑏, 𝑐 ∥ ≥  𝛼 ∥ 𝑎 − 𝑏, 𝑐 ∥  for all 𝑎, 𝑏, ∈ 𝐵 

(Chouhan and Malviya, 2013). 

In the following  section, we obtain the existence and 

uniqueness of solution to the homogeneous difference 

equation (1.1) in 2-Banach spaces by adopting the 

methods in Poffald and Reich (1986), as well as 

Apreutesei (2013) using the product space to obtain an 

expansive mapping. Also, we use the principle of 

Chouhan and Malviya (2013) to obtain 2-Normed space 

fixed points from the expansive mapping produced. 

Finally, we obtain a fixed point from a 2-Banach 

contraction mapping as done by Gyegwe and Bassi 

(2024) for the non-homogenous part of (1.1), as stated 

above. 

 

RESULTS AND DISCUSSION 

Let us start with this boundary value problem; 

 

 

𝑢𝑗+1 −  1 + 𝛽𝑗  𝑢𝑗 +  𝛽𝑗𝑢𝑗−1 ∈  𝑐𝑗𝐴𝑢𝑗 ,   1 ≤ 𝑗 ≤ 𝑁

𝑢0 = 𝑔 ,      𝑢𝑁+1 = 𝑕

   (𝟑. 𝟏)  

Where 𝑁 is a positive integer, {𝑐𝑗 }1≤𝑗≤𝑁  and 𝛽𝑗  > 0 are 

sequences of real numbers. We denote product space 

containing all N-tuples 𝑢 = (𝑢1, 𝑢2, 𝑢3, … , 𝑢𝑁)  by 𝐵𝑁  

with 𝑢𝑗  ∈ 𝐵 for all 1 ≤ 𝑗 ≤ 𝑁 given the norm  

∥ 𝑢, 𝑣 ∥ =   𝑔 𝑎𝑘 𝑕(𝑎𝑘) 
2𝑗
𝑘=1 . 

Theorem 3.1.  Let (𝐵, ∥. , . ∥ )  be a 2-Banach space 

having an m-accretive operator 𝐴: 𝐵 × 𝐵 . Let the 

sequence {𝛽𝑗 }1≤𝑗≤𝑁  be non-increasing with 𝛽𝑗 > 0 and 

𝑐𝑗 > 0. Then for each𝑎, 𝑏, 𝑐 ∈ 𝐵, the problem (3.1) has 

aunique solution in 𝐵𝑁 . 

Proof. We consider the operators 𝐴 and 𝐷 defined by 

𝐴𝑢 =   𝑐1𝑣1 … , 𝑐𝑁𝑣𝑁 ,   𝑣𝑗  ∈ 𝐴𝑢𝑗 , 1 ≤ 𝑗 ≤ 𝑁  +

 (𝛽1𝑔, 0, … ,0, 𝑕) , and denoted by 𝐴 ⊂  𝐵𝑁 ⟶ 𝐵𝑁 , 

where 𝑢 =  𝑢1 , … , 𝑢𝑁 ∈ 𝐷(𝐴𝑁) and 𝐷: 𝐵𝑁 × 𝐵𝑁 .  The 

operator  𝐷𝑢 = (  1 + 𝛽1 𝑢1 − 𝑢2, −𝛽2𝑢1 +
  1 + 𝛽2 𝑢2 − 𝑢3, … , −𝛽𝑁−1𝑢𝑁−2 +     1 +
 𝛽𝑁−1 𝑢𝑁 − 𝑢𝑁 , −𝛽𝑁𝑢𝑁−1 +  1 +  𝛽𝑁 𝑢𝑁). 

Hence, the operator 𝐴 ⊂  𝐵𝑁  × 𝐵𝑁  is m-accretive and 

the operator 𝐷: 𝐵𝑁 ⟶ 𝐵𝑁  is continuous and 

everywhere defined and at the same time strongly 

accretive. Therefore, 𝐴 + 𝐷  is m-accretive and 

continuous. Since 𝐴 and 𝐷 are continuous mappings f 𝐵 

into itself, it makes sense to express them as expansive 

mappings and thus write 

∥ 𝐴𝑔 – 𝐷𝑕, 𝑐 ∥ ≤  𝑐1 max⁡{∥ 𝑔 − 𝑕, 𝑐 ∥, ∥ 𝑔 − 𝐴𝑔, 𝑐 ∥,
∥ 𝑕 − 𝐷𝑕, 𝑐 ∥                    (𝟑. 𝟐) 

For every 𝑔, 𝑕 ∈ 𝐵 , 𝑕 ∈ 𝐵 , 𝑔 ≠ 𝑕 where 𝑐1 > 0 with 

𝐴  and 𝐷  having a common fixed point in 𝐵 . Let the 

sequence {𝑔𝑗 } be defined thus: for 𝑗 = 0, 1, 2, 3, … 

𝑔𝑗 = 𝐴𝑔𝑗+1 ,  𝑔𝑗+1 = 𝐷𝑔𝑗+2 . We can now plug 

𝑔 = 𝑔𝑗+1  and 𝑕 =  𝑔𝑗+2  in (3.2) to obtain ∥ 𝐴𝑔𝑗+1 −

𝐷𝑔𝑗+2, 𝑐 ∥ ≥  𝑐1 max⁡{∥  𝑔𝑗+1 − 𝑔𝑗+2 , 𝑐 ∥, ∥ 𝑔𝑗+1 −

𝐴𝑔𝑗+1, 𝑐 ∥, ∥ 𝑔𝑗+2 − 𝐷𝑔𝑗+2, 𝑐 ∥} 

= c1max⁡{∥ 𝑔𝑗+1 − 𝑔𝑗+2, 𝑐 ∥, ∥ 𝑔𝑗+1 − 𝑔𝑗 ,

𝑐 ∥, ∥ 𝑔𝑗+2 − 𝑔𝑗+1 , 𝑐 ∥} 

⟹∥ 𝑔𝑗 − 𝑔𝑗+1, 𝑐 ∥ ≥ 𝑐1max⁡{∥ 𝑔𝑗+1 − 𝑔𝑗+2, 𝑐 ∥, ∥

𝑔𝑗 − 𝑔𝑗+1, 𝑐 ∥}. 

 

Case 1 

∥ 𝑔𝑗 − 𝑔𝑗+1, 𝑐 ∥ ≥ 𝑐1 ∥ 𝑔𝑗+1 − 𝑔𝑗 , 𝑐 ∥ This implies that 

0 ≥  𝑐1 which contradicts the assumption that 𝑐1 ≥ 0. 
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Case 2 

Here, ∥ 𝑔𝑗+1 − 𝑔𝑗+2, 𝑐 ∥ ≤
1

𝑐1
∥ 𝑔𝑗 − 𝑔𝑗+1, 𝑐 ∥ 

∥ 𝑔𝑗+1 − 𝑔𝑗+2, 𝑐 ∥ ≤  𝛼 ∥ 𝑔𝑗 − 𝑔𝑗+1, 𝑐 ∥  where 

𝛼 =
1

𝑐1
> 0 

This implies in a general sense that ∥ 𝑔𝑗 − 𝑔𝑗+1, 𝑐 ∥ ≤

 𝛼 ∥ 𝑔𝑗−1 − 𝑔𝑗 , 𝑐 ∥ for 𝑛 = 1, 2, 3, … which also implies 

that  

∥ 𝑔𝑗 − 𝑔𝑗+1, 𝑐 ∥ ≤  𝛼 𝑗 ∥ 𝑔0 − 𝑔1 , 𝑐 ∥      (𝟑. 𝟑) 

Hence, we can now use (3.3) to prove that {𝑔𝑗 } is a 

Cauchy sequence, meaning that there exists a point 

𝑔 ∈ 𝐵 such that 

{𝑔𝑗 } ⟶ 𝑔 as𝑗 ⟶ ∞                                     (𝟑.4) 

1.1.1 Existence of fixed points 

𝑔 = lim𝑗⟶∞ 𝑔𝑗 = lim
𝑗⟶∞

𝐴𝑔𝑗+1 = 𝐴 lim
𝑗⟶∞

𝑔𝑗+1 =

𝐴𝑔 (𝑎𝑠 𝑗 ⟶ ∞, {𝑔𝑗+1} ⟶ 𝑔). In the same vein, 

𝑔 = lim𝑗⟶∞ 𝑔𝑗+1 = lim
𝑗⟶∞

𝐷𝑔𝑗+1 = 𝐷 lim
𝑗⟶∞

𝑔𝑗+1 =

𝐷𝑔 (𝑎𝑠 𝑗 ⟶ ∞, {𝑔𝑗+1} ⟶ 𝑔) . Thus, we have a 

common fixed point  

𝑔 = 𝐴𝑔 = 𝐷𝑔                                           (𝟑. 𝟓) 

1.1.2 Existence of uniqueness 

We know that for every (𝐵, ∥. , . ∥), lim𝑗⟶∞ 𝑔𝑗 = 𝑔 and 

lim𝑗⟶∞ 𝑕𝑗 = 𝑕 . Similarly, lim𝑗⟶∞ 𝐴𝑔𝑗 = 𝐴𝑔   and  

lim𝑗⟶∞ 𝐴𝑕𝑗 = 𝐴𝑕 . If  lim𝑗⟶∞ 𝐴𝑔𝑗  ≠    lim𝑗⟶∞ 𝐴𝑕𝐽 , 

that forms a contradiction. So, lim𝑗⟶∞ 𝐴𝑔𝐽 =

 lim𝑗⟶∞ 𝐴𝑕𝐽  which implies that 𝐴𝑔 = 𝐴𝑕 ⟹ 𝑔  

Theorem 3.2. Let (𝐵, ∥. , . ∥)be a 2-Banach space that is 

uniformly and strictly convex. Let the accretive 

mapping 𝐴: 𝐵 ⟶ 𝐵  form a contraction in the 

homogeneous second order difference equation of 

accretive type (1.1), then (1.1) has a unique solution.  

Proof. In the first place, we show that (1.1) has a 

contraction which is the accretive mapping 𝐴: 𝐵 ⟶ 𝐵, 

for 𝐴−10 ≠ ∅. We define  

𝐴𝑢𝑗 = 𝑢𝑗+1 −  1 + 𝛽𝑗  𝑢𝑗 + 𝛽𝑗𝑢𝑗−1 − 𝑐𝑗𝐴𝑢𝑗  𝟑. 𝟔  

 

We have to show that for 𝑢,𝑤, 𝑧 ∈ 𝐵 and 0 < 𝛼 < 1, 

∥ 𝐴𝑢 − 𝐴𝑤, 𝑧 ∥ ≤ 𝛼 ∥ 𝑢 –𝑤, 𝑧 ∥        ( 𝟑. 𝟕) 

From (3.6), we obtain 

𝐴𝑢𝑗 −  𝐴𝑤𝑗 =  𝑢𝑗+1 −𝑤𝑗+1 −  1 + 𝛽𝑗   𝑢𝑗 − 𝑤𝑗  

+ 𝛽𝑗  𝑢𝑗−1 − 𝑤𝑗−1 + 𝑐𝑗𝐴(𝑢𝑗 −𝑤𝑗 ) 

∥ 𝐴𝑢𝑗 −  𝐴𝑤𝑗 , 𝑧 ∥=∥  𝑢𝑗+1 − 𝑤𝑗+1 −  1 + 𝛽𝑗   𝑢𝑗 −

𝑤𝑗  + 𝛽𝑗  𝑢𝑗−1 − 𝑤𝑗−1 + 𝑐𝑗𝐴 𝑢𝑗 − 𝑤𝑗  , 𝑧 ∥. By triangle 

inequality, we have 

∥ 𝐴𝑢 − 𝐴𝑤, 𝑧 ∥ ≤ ∥ 𝑢 − 𝑤, 𝑧 ∥  +  1 + 𝛽 ∥ 𝑢 − 𝑤, 𝑧
∥  + 𝛽 ∥  𝑢 − 𝑤,
𝑧 ∥  +  𝑐𝐴 ∥ 𝑢 − 𝑤, 𝑧 ∥ 

From(3.8), we see that on the right–hand-side  

2 1 + 𝛽 +  𝑐𝐴 ∥ 𝑢 − 𝑤, 𝑧 ∥= 𝛼 ∥ 𝑢 − 𝑤, 𝑧 ∥
𝑓𝑜𝑟 (𝛼 ≤ 2 1 + 𝛽 +  𝑐𝐴 )  which is a contradiction. 

Therefore 

∥ 𝐴𝑢 − 𝐴𝑤, 𝑧 ∥ ≤  𝛼 ∥ 𝑢 − 𝑤, 𝑧 ∥  for all 𝑢,𝑤, 𝑧 ∈
𝐵                                                (𝟑. 𝟗) 

Next we show that from the mapping𝐴: 𝐵 ⟶ 𝐵, there 

exists a unique fixed such as 𝐴𝑔 = 𝑔.  Let 𝛼 ∈ (0, 1) 

such as ∥ 𝐴𝑢 − 𝐴𝑤, 𝑧 ∥≤ 𝛼 ∥ 𝑢 − 𝑤, 𝑧 ∥  for all 

𝑢,𝑤, 𝑧 ∈ 𝐵 . Also, let  𝑢0   be a point (in fact, an 

arbitrary one) in 𝐵, and let 𝑢𝑗 = 𝐴𝑢𝑗−1 for 𝑗 = 1,2,3, … 

. We need to prove that {𝑢𝑗 }  is a Cauchy sequence. 

First,  we can see that for any 𝑗 ∈ ℕ, 

∥ 𝑢𝑗+1 − 𝑢𝑗 , 𝑧 ∥ ≤  𝛼 ∥ 𝑢𝑗 − 𝑢𝑗−1, 𝑧 ∥ ≤  𝛼2 ∥ 𝑢𝑗−1 −

𝑢𝑗−2 , 𝑧 ∥ ≤ ⋯ ≤  𝛼 𝑗 ∥ 𝑢1 − 𝑢0, 𝑧 ∥. Hence, 𝑘 ∈ ℕsuch 

that𝑗 < 𝑘, we have 

∥ 𝑢𝑗 − 𝑢𝑘 , 𝑧 ∥ ≤ ∥ 𝑢𝑗 − 𝑢𝑗−1 , 𝑧 ∥  + ∥ 𝑢𝑗−1 − 𝑢𝑗−2, 𝑧 ∥

+⋯+∥ 𝑢𝑗+1 − 𝑢𝑗 , 𝑧 ∥ . Hence, we see that for any 

𝑗, 𝑘 ∈ ℕ  such that   𝑗 < 𝑘  we have ∥ 𝑢𝑗 − 𝑢𝑘 , 𝑧 ∥ ≤ ∥

𝑢𝑗 − 𝑢𝑗−1 , 𝑧 ∥  + ∥ 𝑢𝑗−1 − 𝑢𝑗−2, 𝑧 ∥  +∥ 𝑢𝑗−2 −

𝑢𝑗−3 , 𝑧 + ⋯+∥ 𝑢𝑘+1 − 𝑢𝑘 , 𝑧 ∥ ≤  𝛼 𝑗−1 + 𝛼 𝑗−2 +

𝛼 𝑗−3 + ⋯+ 𝛼𝑘 ∥ 𝑢1 − 𝑢0, 𝑧 ∥ 

≤ 
∥𝑢1−𝑢0, 𝑧∥

1−𝛼
𝛼𝑘 ⟶ 0  as𝑘 ⟶  ∞ . Similarly, it can be 

recalled that for the sequence {𝑢𝑗 } in a linear 2-normed 

space,  if  lim𝑗 ,𝑘 ⟶ ∞ ∥ 𝑢𝑗 − 𝑢𝑘 , 𝑧 ∥ = 0 for all 𝑧 ∈ 𝐵 , 

then {𝑢𝑗 } is a Cauchy sequence in 𝐵.  

Also, for a 2-Banach space𝐵, suppose that   𝑔 ∈ 𝐵 such 

that   𝑢𝑗  ⟶ 𝑔 as 𝑗 ⟶  ∞, we will show that   𝑔   is a 

fixed point such that 𝐴𝑔 = 𝑔 . Hence, there is an 

arbitrary 𝑔 ∈ 𝐵(since 𝐵 is complete) such that, 𝑢𝑗 ⟶ 𝑔 

as  𝑗 ⟶ ∞ . We shall prove that 𝑔  is a unique fixed 

point in 𝐵. In fact, 

∥ 𝐴𝑔 − 𝑔, 𝑧 ∥ ≤ ∥ 𝐴𝑔 − 𝑢𝑗 , 𝑧 ∥  + ∥ 𝑢𝑗 −  𝑔,

𝑧 ∥ 

=∥ 𝐴𝑔 − 𝐴𝑢𝑗−1, 𝑧 ∥  + ∥ 𝑢𝑗 − 𝑔, 𝑧 ∥ 

≤ 𝛼 ∥ 𝑔 − 𝑢𝑗−1, 𝑧 ∥  + ∥ 𝑢𝑗 − 𝑔, 𝑧 ∥⟶ 0  as  𝑗 ⟶ ∞ . 

Then, we have ∥ 𝐴𝑔 − 𝑔, 𝑧 ∥ ⟶ 0 . Suppose that we 

also have 𝑕 ∈ 𝐵  such that 𝐴𝑕 = 𝑕  and ∥ 𝐴𝑕 − 𝑕, 𝑧 ∥
, 𝑕 ∈ 𝐵, then ∥ 𝐴𝑕 − 𝑕, 𝑧 ∥= 0. Thus, it is reasonable 

to state that ∥ 𝐴𝑔 − 𝑔, 𝑧 ∥=∥ 𝐴𝑕 − 𝑕, 𝑧 ∥  
Therefore,  𝐴 − 1 𝑔 =  𝐴 − 1 𝑕 ⟹ 𝑔 = 𝑕 . Hence, 

the uniqueness of the fixed point 𝐴𝑔 = 𝑔 

 

CONCLUSION 
 In view of the findings in Theorem 3.1 and Theorem 

3.2, we state that the homogeneous second order 

difference equation of accretive type (1.1) has solutions 

in 2-Banach spaces, and each solution is unique. 
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