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ABSTRACT

The problem of over-dispersion often encountered by Poisson distribution is what gave rise to the development
of the Poisson-Gamma mixture distribution. This distribution is a mixture of a family of Poisson distributions
with Gamma mixing weights. The log likelihood function of the Poisson-Gamma mixture distribution has been
exponentiated in order to extract the canonical link of the mixture distribution. This link function is re-expressed
as a sum of the loglinear link and an offset. By implication, modeling for the Poisson-Gamma mixture model
amounts to modeling for the Poisson loglinear model and adding the offset term to the result. This model can be
used to model HIV/AIDS infection rate for multiple sex partners. It is theoretically shown that the mixture
distribution reduces to the Poisson distribution and that in large samples, the Poisson-Gamma mixture is
approximated by the Poisson distribution.
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INTRODUCTION

The need to use a Poisson-Gamma mixture
distribution arises when the Poisson distribution
exhibits over-dispersion. For the Poisson model, the
mean and the variance are equal. If the variance of a
Poisson model exceeds its mean, over-dispersion is
said to occur. Over-dispersion is indicated if
Pearson  dispersion is greater than 1 Hibe, (2007).
The problem with over-dispersion, common to most
Poisson models is that it renders the parameter
estimates biased. Where over-dispersion is a
concern, the alternative models are:
(1) Quasi-Poisson
(2) Negative Binomial regression

MATERIALS AND METHODS

In this paper, we shall consider only the
Negative Binomial regression as an alternative to the
over-dispersed Poisson model. In designing an offset
Poisson-Gamma mixture model, itis logical to use the
order listed below:
(i)Poisson distribution
(ilGammadistribution
(iii)Poisson-Gamma distribution (Negative Binomial
distribution)
(iv) Offset Poisson-Gamma mixture regression model

RESULTS AND DISCUSSION

THE POISSON REGRESSION
The Poisson regression is derived from the
poisson probability mass function given Johnson,
(2004), Freund, (1992) as

X ™
P(X=x)="1€ /1 and (Hilbe 2007) as

flxi; 4) = E_tlﬂi{tiﬂi}}ry

x;1

x=0,12, ,A>0 ... 1)
where X; is the count response, 4; is the predicted
count or rate parameter, t; isthe area or time in which

counts enter the model
(1) reduces to

ir(-‘finlﬂ & e (4™

where A; applies to individual counts devoid
of time or size considerations, Tiis set equal
to 1. When time or size or space is aconcern,
t;> 1 and the resulting model is call offset
Poisson model.
f=Px=n="e")

x;!

is the probability of observing any specific

count y
The Likelihood function is
Lp; yi) = Bl npe) = = (003 oo, 4)

where [; 1S the predicted count.
(3) is used when the Poisson model is estimated by a
Generalized Linear Model.
When estimation employs a full maximum likelihood
update, we use

e = exp (xg, )
and equation (4) becomes Hilbe, (2007)
Ll yed = Elnla ) — explx 8 — In (3]
From (iii)
explogf = expl—u + xlogu — logx!}
Thusthe canonical link is
I T A . | A (6)
Equation (6) is called the log-linear model.
If time or space or size is a concern and we use a rate
as © instead of i (6) becomes
log(F/1) = X'B =108 (£} ccovvvenciricnciriicnrciirannn (7)
where log (t) 1s called an otfset. Equation (/) IS then
termed an offset Poisson regression model.

GAMMA DISTRIBUTION

This distribution models the waiting time
between Poisson distributed events. The probability
of waiting time until the nth poissi(iy eventisa
gamma probability density expressed as

AfAxynt s ki
fin—1n®

Plx) =
where } is the rate at which time changes.
£ Y — Gamma (X, &) the pdf becomes

- I\-Ii,-l-!' i
Plx} Jrise

lorx=0, k, 8=0
k =Shape parameter = no of ocourrences of an event
# = Scale paramater

By letting o = & (shape parameter) and § = 1,."3 (rate parameter)

ey 1y M".I-

Thae g [ wihar X~ T, 8 ) bevomes (oo, @) rixy a2 ORaf=>0
i L+

i I-;-.'\:—IF-X

pl.fﬂu[.[n_].tnr:r =l a=0 =0

=1y
a =Foisson mie paramaher

glx i) = 1t elsewhere
j_l':,!.-'-'.ﬁ'| = I'ﬂll',l.i""" g~ o _ .'l.lyll'l'"Jr ¥ LF e 'n.'_r
glxa B)= expflogfix.a, B)]

= F'.r;r[ ]I."F.t' — mlagf + logl{e) + (o — |||'|:.|5|'J.']

The canonical link
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. —1
A= fﬁ.
~1Yp=E)=X'8

Butg = 1/,

brut — !;B =a'f

—a=a fl

Thus Gamma regression for rates yields an offset
Gamma regression as
”,"ll: - ﬂ.'ﬁ
—g=ta' f
t = time or size or shape.
POISSON-GAMMA MIXTUREDISTRIBUTION
The variance of the Poisson-Gamma mixture
distribution differs from that of Poisson by
u’k, the extra component arising from mixing the
Poisson distribution with a gamma distribution. Thus
thisvariance isgivenas
var(X) =y + pk
The mean, (X} = i (same as poisson)
The distribution is also termed, Negative Binomial.
This is because the negative binomial distribution is a
mixture of a family of poisson distributions with
gamma mixing weights. In this case, the poisson
parameter isarandom variable distributed as gamma.
The negative binomial distribution with r number of
failures, k number of successes and having the
probability of success pisgivenas
fikrp) =P == (3~ a-prptr
By letting p - 0 or + -+ = ,the Negative Binomial tends
to the poisson distribution. where the stopping
parameter r -0 ina Negative Binomial distribution
and the probability of success ineach trial ¥ = 0. the
mean parameter . is kept constant.
The parameter p becomes
P=A e =" _p
Under this parameterization,

kE=rir+i, .

The pmf = fllzrip) = VL o PR Py

_.1.: e+ &}
- MG + 0% g g g g 9

Where k is the number of successes in a sequence of

independently and identically distributed Bernoulli

trials. risthe number of failures.
lim F{K: pl =" 0

A = expected valoe or mean

Thus the poisson distribution is a limiting Negative

Binomial distribution. The Poisson-Gamma mixture

pmf, ikl can be shown to be equal to that of the
negative binomial as follows:

Fikirip) = lI FratmesttilR) - £ i, I

[

Rk -
|I ¥ i i
D

’ff;,}' o

shiat r,'"ln'!ri-]jl et =g

- ey

frerpgey P T R

= Fir +#::|'|Ih'||_.l P = )"

Hence the INegative BInomial aistripution is also the
poisson-Gamma mixture distribution.
Unader the pamameterization ka, 51 = @ = ki

#IF"

war (V)= Ka+ Ka* e

The probability mass tunckion P{Y = ¥, & k) becomes
P{Y = X;a; k) = WA+ K- 1N

L o
ok - A mper s ¥=012

by which we obtain the log likelihood as

X =13
)

!:Jﬂag{“ K1

."I|1 I ﬂ_.’}—}fﬂugl.:i +al+ rny[

The canonical link functionis

= Iug['-"'l,"l o Ir| =lag ["'I.'Ih i I:,-,:l

Thus the generalized linear regression model arising
from (10) is

rngl{'“l,."',_l . .t-:l =a+ X

forafixed k

Using another parameterization with
fakp) = (5~ et —py

wherep= probability of success

k =no of successes before rth failure

r=kk+1,k+2, ..

logf = klag [: B :J +klog(Pfy _ ) + xlog{1 - p)

axpf = wﬁ:wx—m- k-'u;.'-I:r’,.H !,,:I-'-n'ﬂx.'{k “I]
Canonical link, gip} = lag(1 - )
= logq
=X
The offset model isachieved as
tow{7y) = togla) - Bogie) = X8
= bogiq) = X+ log (¢)
q = probability that a person mates with an infected
person
t = 14 month
ESTIMATION IN POISSON-GAMMA MIXTURE
MODEL
The poisson-Gamma mixture (Negative Binomial) x
is a non-negative discrete random variable with
probability mass function

Y ESPY . .
Sl:'r"'l" ol . ],-"ll.'I I.'-:u]'ll.l.'l e

Fi=x)= A=k

i wlzswliore
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m = mean = location parameter

r = dispersion parameter = heterogeneity
The variance a? = m + ™"/,
when r is known, the Negative binomial distribution
with parameter m becomes a member of the
exponential family.

¥ = IS a minimum variance unbiased estimator for m
Al-Khasawneh, (2010).

For the two-parameter poisson-Gamma mixture
distribution, both m and r are unknown. This
situation is more practical.

ESTIMATION OF THE DISPERSION
PARAMETER r
Both the method of the moments and maximum
likelihood method individually impose constraints
on the estimation of the dispersion parameter. Al-
Khasawneh, (2010) combines both the method of
moments and maximum quasi-likelihood estimation
in a variety of ways using appropriate weights.
Method of moments
This is done by solving simultaneously, the following
equations:

M= - - i {11}

st =m+ WSS {12
Thus# = £/ ; PP |
From (13) itisobvious that if the sample variance s*
equals the sample mean, + cannot be determined.

g = k

Fraies b5 solubon to

rin(1+ £fe] = my (e} 4+ n2 (L + l.'rr + [:|+"':||'l-"lr t+ I'."', 1t 1,.", PR R

........................ (14)
Where n is the size, n; is the number of ones in the
sample, ™: is the number of twos in the sample and so
on.
Equation (15) can be written as

L2 ety =i {15)
Equation (1b) 1s solved by jwrs or Newton-Raphson
method to obtain T

ez exist only for over-dispersed samples Levin and
Reeds, (1977)
The re-parameterization of = -1/ was suggested by
Piegorsch, (1990) and Anraku and Yanagimoto (1990),
where & was estimated by Maximum Likelihood.
Piegorsch, (1990) obtained #=:x as follows:

Tiesw™yy : r -tin 4
X =1z} ili o {"l'".'l.- I![""-'I. +irmd (84 amd X mesh s (16)
| 1] wlsuiere
n
i i (Xt o8 e
r"llu':lm i Z{ Ym =14 "lll +um] b AT
I=1
w Rt - oy
'ﬂr'-l.. l l !-".rll b il M -2 [0gIL + ) 4 LB Ll] B SRR &
al | vl

I

Solving (18) at m = rit yields iy

THE OFFSET POISSON-GAMMA MIXTURE
MODEL

The canonical link function of the Poisson-Gamma
mixture regression model can be expressed as

7 =dog{l = p) —... s A O §19]
Wi p = "L s B probability of sucoess in each trial
oy = log ["'I.'m M k] SO | |

where rm = E(N} = mean

Eqpuation (1% derdves from a probability mass fanckon detined a:
fii rip) = T ”ﬁr I.T_r;.rJ"lfl - gl

while (20) is derived from a pmf version of the Poisson-

Gammamodel expressed as

Mz k) = (X+K-1)1f

X ; A
Ixie - ..-:I'T ."I“ i n"ll"f'r; =012

where E(X) = m = Ka = mean
Vv = K+ Kot =m o+ ™,

It can be shown that expression (19) & (20) are

equivalent. Using equation (20), a generalized linear

model having the Poisson-Gamma mixture model is

expressed as
n=log(™Mf_ . pl=X§E

“ote that r'"J."m LR =T
= loglm) — log{sm + &) = X

lagim] = Xi + loglm + K {21}

log (m + i} 1S an off-set for the Poisson-Gamma mixture
regression model.
Under the condition that m+ k=1, the Poisson-Gamma
mixture model (21) reduces to a Poisson (m) loglinear
model.
Bigre = (XWX} X'W2

Where W is a diagonal weight matrix with Poisson
weights.

W= '”_,-3. $ =1 (¢as over-dispersion parameter)

§ estimates are Maximum Chaast Likelihood Estimates (MLE).
Over-dispersion occurs when the observed variance is
larger than the expected variance. Under the
assumption that the logistic model is correct o - #is
Collet (2003)

Thus Collet,(2003) #=n-p=E@i,1  canindicate over-
dispersion, eventhough the condition o=n-p

can be caused by other reasons such as wrong link
function, existence of large outliers, etc.

IHlustration for an HIVV/AIDS study

We assume a community where multiple sex
partners live. Let the meeting with a non-HIV/AIDS
member of a community by a multiple sex partner be
counted as a success and the meeting with a
HIV/AIDS member be counted asafailure.
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Let p represent the proportion of non-HIV/AIDS.
Let k = no of times a multiple sex member of the
community meets non-HIV/AIDS members before
meeting with the rth infected person.
Then r = no of times the multiple members meets
with infected persons.
k is likely to be higher for higher populations.
+ k is a function of the population (size). r is also
going to be higher with higher populations.
Let a=1/ thena isameasure of Poisson
over-dispersion. Recall that for the Poisson-Gamma
mixture distribution, warix)=m+ ™/ = m+am’ thus as
i, overdispersion— I gnd the Poisson-Gamma
mixture distribution tends to the Poisson
distribution.

Thus in large populations the Poisson-
Gamma mixture distribution will be approximated
by the Poisson distribution.
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